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q colourings of the triangular lattice

R J Baxter

Research School of Physical Sciences, The Australian National University, Canberra 2601,
Australia

Received 9 December 1985

Abstract. Nienhuis has shown that the critical O(n) model on the honeycomb lattice is
equivalent to a zero-temperature antiferromagnetic Potts model on the triangular lattice,
i.e. to the chromatic polynomial of the triangular lattice. Here the critical O(n) model is
solved by the Bethe ansatz method, thereby giving the large-lattice limit of the chromatic
polynomial.

1. Introduction

Consider a honeycomb lattice £y with 2N sites, or vertices. Place arrows on some
(or none) of the edges so that at each vertex there are either no arrows, or just one
arrow in and just one arrow out. The arrows therefore form oriented loops on £y,
so let us call this the ‘loop model’. For a given configuration C, let L be the number
of arrows, I the number of vertices at which there are two arrows forming a left turn
and r the number where the arrows form a right turn. Let ¢ and a be given parameters
and define the partition sum to be

Zioop=2 t*N " Fexplia(l-r)]. (1.1)
C

Also, consider the Potts model on a triangular lattice £1 of N sites. At each site
i there is a spin o, with values 1,2, ..., g. Neighbouring spins interact, having energy
—kTJ if they are equal, O if different. The partition function is

ZPous=zexp(J<Z)6(o'is U})) (12)
o if

where the inner sum is over all 3N nearest-neighbour pairs (i, j) of sites and the outer
sum is over all ¢" values of all the spins.

Nienhuis (1982, 1984) shows that the partition sum of the O(n) model can be
written as that of a loop model (his x is here replaced by t™'). Further, he shows that
both the loop and Potts models are equivalent to six-vertex models on a Kagomé lattice
of 3N sites. They are equivalent to the same six-vertex model (and hence to one
another) when ¢, a, g, J satisfy the relations

2cos 6o =2—(2— 1) (1.3a)
g=4-1t"=2-2sin3a (1.3b)
e’ =0. (1.3¢)
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In fact, when these are satisfied we have precisely (with appropriate boundary condi-
tions)

Zioop™ Z poys. (1.4)

Nienhuis argues that these equations determine the critical point of the loop and
O(n) models (for a real and 0< g=<4). By taking sin 3a =27"?, cos 6a =0, one can
deduce that the connective constant for self-avoiding walks on the honeycomb lattice
is £=(2+v2)"? (Guttmann 1984).

In early 1983, while we were both at a conference in Adelaide, A J Guttmann
introduced me to Nienhuis’ loop model and I was able to convince myself that it could
be solved by a Bethe ansatz, provided the condition (1.3a) was satisfied. When I looked
at Nienhuis’ paper myself and saw the mapping to a Potts model, 1 assumed this had
to be the ferromagnetic critical case, when (e’ —1)*(e” +2) = ¢. Since this had previously
been solved (Baxter et al 1978), there seemed little point in doing so again by another
route.

However, very recently A D Sokal made me look more carefully at Nienhuis’ paper,
making me realise that the associated triangular Potts model is not the usual ferromag-
netic critical case, but satisfies (1.3¢). This is the zero-temperature limit of the antifer-
romagnetic case, when two adjacent spins cannot be equal (i.e. this configuration has
zero weight). This is a very interesting case, for we can now interpret the spins as
‘colours’: from (1.2), Zpous is then the number of ways of colouring the sites of £
with g colours so that no two adjacent sites have the same colour. This is the chromatic
polynomial of ¥y ; chromatic polynomials of large planar graphs are extensively studied
in graph theory and there are some interesting conjectures concerning the location of
their zeros (Beraha et al 1980). Until now the chromatic polynomials of the large
regular lattices have defied calculation. (For general values of J the Potts model is
equivalent to the dichromatic polynomial (see Kasteleyn and Fortuin 1969).)

Naturally 1 looked again at the loop model. It can indeed be solved by the Bethe
ansatz when (1.3a) is satisfied, and the working is outlined in the following sections.
Consequently one can evaluate the Nth root of the chromatic polynomial:

W=Zlo0=Ztons (1.5)
in the large-lattice limit. For q real, 4> 4, one can define a parameter x by
g=2-x-x"" ~-1<x<0. (1.6)

Then the result of the calculation is

1 = (1_x6j—3)(1_xsj—2)2(1_x6j—1)

T e e Ty (7)
For 3=< g <4, we define 8 by
q=2+2cos 8 0<8=7/3 (1.8)
and find that
n W=J’°° 4y Sinh ke( sinh k(7/2—6) _ cosh k(w/2—8) )
o 2k \[sinh(wk/2)](2 cosh k6 —1) [cosh(mk/2)](2coshk8+1)/"
(1.9)

There are some checks on the calculation. For g large, Kim and Enting (1979)
have obtained the first 13 terms of the expansion of W in powers of 1/(g—1); they
agree with the resuit (1.7). When g =3 there are just 3! ways of colouring % (one
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colour for each of the three sublattices); in this # = 7/3 and the integrand of (1.9)
vanishes, correctly giving W=1. The case g =4 can be obtained by either taking the
x - —1 limit in (1.7) or the 6 -0 limit in (1.9). Either way one obtains

_ & G-y
j=1(3j-2)3j

where y=T(1/3)=2.6789385.... This agrees with the known value (Baxter 1970).

If we require g to be a positive integer, then the above results are completed by
noting that W =0 for g =1 and 2. However, since Zp,,, is just a polynomial in g, we
can regard g as a real or complex variable.

The transfer matrix of the loop model is defined in § 2. In § 3 it is shown how its
eigenvalues can be obtained by adapting the Bethe ansatz method employed by Lieb
for planar models (Lieb 1967, Lieb and Wu 1972). This gives each eigenvalue in terms
of n complex numbers z,,..., z,, which are in turn defined by n equations. There
are many solutions, corresponding to the different eigenvalues, and one has to find
the solution corresponding to the eigenvalue of largest modulus. This is done in § 4
by using continuity from the easily handled g = o case. We assume that the eigenvalue
thus selected remains the largest contributing eigenvalue. From the independent checks
mentioned above, it seems that this assumption is justified, at least for g real and ¢ =3.

For other values of g, in particular for 0 < g <3, one has to be very careful. There
are two problems: one is that it is possible that the previously largest eigenvalue may
be surpassed by another. In fact this is necessary if the partition function is to have
zeros, and we know from the graph theorists (Tutte 1973, 1982, Beraha et al 1978,
Beraha and Kahane 1979) that the chromatic polynomial does have zeros on and close
to the segment (0, 4) of the real axis.

A more fundamental difficulty is that the equivalence (1.4) should be treated with
caution. For instance, in (2.1) it is shown that Z,,,, can be written as a sum weighted
by cos 6 to the power of the number of loops on Zy. If we take 2 cos 6a =1 the
model is equivalent to the triangular Ising model (put Ising spins on the faces of ¥y
so that adjacent spins are different if a loop lies on the intervening edge, the same if
no loop lies on it), with exp(2J/kT) =t. From {1.3a), t*=1 or 3, from which it follows
that the Ising model is either non-interacting or critical. Either way one obtains
ZLOOPBZN. On the other hand, from (1.3b) g is either 3 or 1, 50 Zpyys is 6 or 0.

We can resolve this apparent contradiction by repeating Nienhuis’ argument for a
finite lattice. We start by writing the triangular Potts model as a Kagomé lattice
six-vertex model, as has been done by Baxter er al (1976). We interpret this as an sos
model by placing spins on faces of the Kagomé lattice, adjacent spins differing by 3,
the greater being to the left of the intervening arrow. Choosing the hexagonal
(triangular) faces to have integer (half-integer) spins and taking J = —00, we can sum
over the half-integer spins to obtain Nienhuis’ sos form of the loop model, but with
special boundary weights. For 0 < g <4 these boundary weights are complex, so it is
possible for them to modify the bulk behaviour. Obviously this is happening in the
g =1 and 3 cases mentioned above.

In terms of the loop model transfer matrices, these boundary conditions may mean
that not all eigenvalues contribute to the partition function. (If an eigenvector is
‘orthogonal to the boundary vector’, then it never enters the calculation of Z,,,.)
This must be happening in the g=1 and 3 cases, so is presumably a general
phenomenon. (Similar problems with using the six-vertex form of the Potts model
have previous been observed (see Baxter 1982b).)

=3v%/477=1.46099... (1.10)
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Thus not only is care necessary to select the largest eigenvalue of the loop model
transfer matrix but one should also verify that it is a contributing eigenvalue. Even
so, it should be possible to determine W throughout the complex g plane. As is
remarked in § 5, this would provide interesting information on the limiting distribution
of the zeros of the chromatic polynomial. I hope to do this.

For sufficiently large negative values of g, the result (1.7) must be valid (with
0<x<1). It may well be valid for —c0< g <0, with limiting value

W= i LG 3E =226 -1)
j=1(6j —5)(6j —4)(6j)(6j +1)
for g =0. The contribution of the corresponding eigenvalue through g =0 is given in
§ 5. If it is still the largest contributing eigenvalue, then In W is equal to the rRHs of
(5.3). This may be so for 0< g <1, but as yet we have no independent checks, so this
result is more speculative than (1.7) and (1.9).

The Bethe ansatz calculation is similar to that for the regular zero-field six-vertex
model, and hence to that for the ferromagnetic critical Potts model (though not
sufficiently so as to suggest a simple mapping from one to the other). In both cases
one uses Fourier series for g>4 and Fourier integrals for 0 < g<4. This in itself
supports Nienhuis’ assumption that the zero-temperature antiferromagnetic triangular
Potts model is critical for 0 < g <4. The g =2 Ising case is known to be critical (Wannier
1950, Stephenson 1964, Nienhuis et al 1984, Domany and Schaub 1984).

=3%2y°/(27)°=3.77092... (1.11)

2. Transfer matrix eigenvalue equations

For a given loop on £y, the arrows either make six more turns to the left than the
right, or vice versa. Thus (1.1) is equivalent to

Z 1 gop=2. 'V 52 cos 6a)” (2.1)

where the sum is now over all ways of putting non-intersecting loops on £y, P being
the number of loops and L the number of edges covered by a loop. This is Nienhuis’
original form for the loop model partition function, but we shall use the form (1.1),
which has the advantage that the summand is a product of local vertex weights.

We can construct the summand in (1.1) by assigning to each vertex of ¥,; a weight
t if no arrows are incident to it, a weight ¢'® if thre are two arrows forming a left turn
and a weight e ™™ if they form a right turn. Draw %y as in figure 1. It is bi-partite,
with two types of site A and B, as indicated. The seven possible configurations at each
type of site are shown in figure 2. Let w,,..., w} be the corresponding weights.

There are three types of edge of Zy, as indicated in figure 1. Consider the b-type
edges, with an A site on the left and a B site on the right. The partition function is
unchanged if for every right-pointing arrow on such an edge we associate a weight b
with its tip, b~' with its tail, and incorporate these into w,,..., w}. Similarly for
left-pointing arrows, but with b replaced by b’; and for the other two types of edge
with tip weights a, a’, ¢, ¢'. Setting exp(ia) = ¢, the vertex weights are then

Wiy 3=, — — — —, — —

(2.2)
, ,_.a b ¢ ceae be
QLT e e d b
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Q a

Figure 1. The honeycomb lattice £}, showing its two types of sites (A and B), and three
types of edges (a, b, c).

B . SO Al S SR SR

wh wh ws w, wh Wi Wy
Figure 2. The seven allowed arrow and non-arrow configurations at each type of site.

Choosing a, b, ¢, a’, b', c'=¢€, ¢, €°, 1, €*, €?, the expressions simplify to

Wy, 0=01,11,87 101
(2.3)
wh, . .,0i=t1,1,1,51,1
where
s = e®=exp(6ia). (2.4)

Now instead of drawing arrows on edges, represent the edges by dotted, full,
double-full or wiggly lines, according to figure 3. For instance, if a b-type edge contains
no arrow, draw it as a dotted line. If it contains a left-pointing (right-pointing) arrow,
draw it as a full (wiggly) line. Then in this picture, figure 2 is replaced by figure 4.
We shall regard an edge as empty (occupied, doubly occupied) if it contains a dotted
(full or wiggly, double-full) line.

Notice that the full/wiggly lines do not terminate. If one follows a full line from
below into a B site, it either becomes a wiggly line (in which case it moves left to the
next A site and then goes upwards again as a full line), or it goes to the right (in which
case it stays as a full line and can move some distance to the right before it exists
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+ ———
" —— WAL —g— —
a b C

Figure 3. Conversion (on edge types a, b, ¢) from arrows and non-arrows to dotted, full,
and double-full or wiggly lines.

S S Y [

t 1 1 1 !

Figure 4. Translation of figure 2 into the line representation, showing the weights (2.3).

upwards at an A site). In either case it is conserved: if there are n full lines in one
row of vertical bonds, there are n in every row.

It is permissible for two full lines to occupy the same a-type or c-type (but not
b-type) edge. A typical arrangement of lines (with n =4) between two successive rows
is shown in figure 5.

M

Figure 5. A typical line arrangement on successive rows of #,;. The numbering of the
vertical edges is indicated.
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Consider two successive rows of vertical edges, such as in figure 5. Let ¢ denote
the configuration of vertical lines in the lower row, ¢’ that in the upper row. Then
the row-to-row transfer matrix V has entries

V(e, ¢") =3 [] (vertex weights) (2.5)

where the sum is over all allowed arrangements of full and wiggly lines on the
intervening horizontal edges, and for each such arrangement the product is over the
weights of the vertices in the intervening horizontal row. (There are at most two
allowed arrangements of the intervening lines.) If £y has L rows and M columns,

and we use cyclic (toroidal) boundary conditions, then in the usual way (ch 2 and 7 of
Baxter 1982a)

Zoop=Tr V& (2.6)
Let A be an eigenvalue of V and g the corresponding eigenvector. Then
Ag= Vg (2.7)

If Anax is the eigenvalue of largest modulus, then from (2.6), it follows that for
large L

ZLoop~Arl;nax- (28)

3. Bethe ansatz

Because the number of vertical lines n is the same for each row, the transfer matrix
breaks up into diagonal blocks, in which ¢ and ¢’ have the same value of n. This
means we can try to use the Bethe ansatz to solve the eigenvalue equation (2.7), rather
as one does for the six-vertex model (Lieb and Wu 1972, Baxter 1982a).

First consider the case n =0, when all vertical edges are empty (dotted). Then on
a given horizontal row, either all horizontal edges are empty or they are full. From
figure 4 (columns 2 and 6) all the contributing vertex weights are unity, so

A=V(do, do)=1+1=2, (3.1)

3.1 n=1

When n =1 there is just one full line per row of vertical edges. Let x be the position
of the line in one row and y the position in the row above, labelling the vertical edges
from 1to M as in figure 5. Then the four possible arrangements of x and y are shown
in figure 6. Using figure 4, we find that the product of the weights of the 2M vertices
in the row is 1, %, t*, 1 for the four cases, respectively. If g(x) is the entry of the

x-1 X

....... e | ] ]
] ! !
{a) (b} {c) ()

Figure 6. The four cases that arise when n=1.
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eigenvector g corresponding to the state with a line in position x, then from (2.5) the
eigenvalue equation (2.7) is

x—1

M
Ag(x)=glx=-D+1 ¥ g+ L g()+g(x) (3.2)
y=x y=

forlsxsM.

The four terms on the rHs of (3.2) correspond respectively to the four diagrams
in figure 6. We see that (a) and (b) are similar in that they have no full horizontal at
the boundary; we call the corresponding first two terms on the rHs of (3.2) the ‘left’
terms. Similarly the last two terms (corresponding to diagrams (c) and (d), with a
full line at the boundary), we call ‘right’ terms.

We now try as a solution

glx)=z" (3.3)
and define

Mz)=z"'"+1/(1-2)

(3.4)
p(z)=1-r*/(1~2).
Then the left terms in (3.2) give
A(z2)z" = 22MT (1 -2) (3.5a)
while the right terms give
w(2)z"+z/(1-2). (3.5b)

The expressions proportional to z* are ‘wanted’, in that they are of the same type
as the LHs of (3.2); their contribution gives

A=A(2)+p(2). (3.6)

The other expressions in (3.5) (the ones independent of x) are ‘unwanted boundary
terms’. They cancel if
™M=1.

(3.7)

This equation has M solutions for z. (3.6) then gives the M eigenvalues of V in the
n =1 block.

32. n=2

When n =2, let x,, x, be the positions of the two full lines in one row and y,, y, the
positions in the row above. Then the general situation is that y,, y, interlace x,, x,.
More precisely, if we choose x; < x, and y, < y,, then for the ‘left’ terms x, - 1= y, < x,,
x,—1=<y,= M. For the ‘right’ terms 1<y, <x,, x,— 1< y,<x,.

As is usual in the Bethe ansatz (Lieb 1967, Lieb and Wu 1972, Baxter 1982a, pp
131-8) it is easiest to regard the y, and y, summations as independent and then
introduce correction terms to compensate for errors when y, = y, in the summations.

Let g(x,, x,) be the entry of g corresponding to lines in positions x,, x,, provided
X, <x,. Let h(x) be the entry when the lines are both in position x (i.e. there is a
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double-full line on edge x). Define, for x—1<y=<x’,

D(x,y,x")=1* ifx<y<x'
Y (3.8)
=1 ify=x—-lory=x".
Then the eigenvalue equation (2.7) is, for 1= x,<x,< M,
X M
Ag(x, %)= % D(x,y1,%) Y D(xs, 72, M+1)g(n, )+ C(x;)
yi=x1-1 ya=x3—1
+ 2 D(0, y,, x1) 2 D(xy, y2, %2)8(y1, y2) + C(x1) (3.9)
y1=1 y2=x1—1
and, for 1sx<s M,
M M
Ah(x)=t Y g(x=1,y)+st ¥ g(x,y)+h(x)
y=x y=x+1
x—2 x—1
+t Y gy, x~D+st Y gy, x)+h(x—-1). (3.10)
y=1 y=1

As for n=1, the terms on the rRHs of (3.9) and (3.10) can be grouped into ‘left’
and ‘right’ terms, depending on whether the horizontal boundary edge is empty or
full. The terms up to and including +C(x,) in (3.9), and +h(x) in (3.10), are ‘left’
terms. The remainder are ‘right’ terms.

The function C(x) incorporates the corrections to the double sums in (3.9) and is
given by

C(x)=—g(x,x—1)—tg(x—1,x-1)—t’g(x, x)+ th(x = 1)+ ts 'h(x). (3.11)

Note that the double sums necessitate extending the function g(x,, x,) to the argument
values x, = x; and x,=x; ~1. However, these are then subtracted off again via C(x).
It follows that we can give g(x, x) and g(x, x—1) any values we like, so long as we
use the same ones in both (3.9) and (3.11). We need not (and shall not) require
g(x, x) = h(x).

First we try, for x,= x, —1,

g(xy, x3) = z11232 (3.12)
Then the first double sum in (3.9) becomes
Az 2+ p(z)22[A(2) 23— P 2) 1 /(1 - 2,)]. (3.13)

Expanding this gives one term proportional to z71z32. The second double sum gives a
similar contribution. Altogether these ‘wanted’ terms cancel out of (3.9) if

A=A(z)A(z2) + u(z)p(z). (3.14)
This is unaltered by interchanging z, with z,, so we can more generally try

g(xy, X3) = Ayyz71252+ Ay 25027

h(x)= B(z,2,)"

the parameters A,,, A,;, B, zy, z, being at our disposal.

(3.15)
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Substituting (3.15) into (3.9), all terms proportional to z3iz3? or z3'zj* cancel
because of (3.14). The ‘left’ terms include expressions proportional to (z,2,)™, while
the ‘right’ terms include ones proportional to (z,z,)™. Both these ‘unwanted internal’
terms cancel if

ajpAptaxA,+bB=0 (3.16)

where

1 t
a; = l"(zi)A(Zj) _;_z__ ¢

(3.17)
t(s+2z,z;)

52,25

b=

Other terms of this type, proportional to (z,z,)%, occur in (3.10). We regard A as
given by (3.14), and then all terms in (3.10) can be naturally classified as ‘left’ or
‘right’. To be able to continue to apply this method to large values of n, we need the

internal unwanted terms to cancel separately in both the left and right groupings. Thus
we require

a’12A12+ a;lAzl + b’B =0

, (3.18)
al,A,+ay A, +b"B=0
where
2= t{1+52,2;)
¥ Z,(l - Z_,)
s —t{1+52,2,)
7,2y(1~z;) (3.19)

b'=1-A(z)A(z)
1
b"="—-p(z)u(z).

212,

All other terms in (3.9) and (3.10) arise from the y,,y =M or y,, y =1 limits of
the summations. They are ‘boundary’ terms. The ones in (3.9) cancel if
A21=Z§’A12 A12=Z{WA21- (3.20)

Those in (3.10) cancel if z¥z3" =1, which can be seen to be a corollary of (3.20).
We therefore want to satisfy (3.16), (3.18) and (3.20). The first two form three

homogeneous linear equations for A,,, A,;, B, so will have non-zero solutions only
if the determinant

a, ay b
= a,lz aéx b, (3'21)
al, af b’
vanishes. After some tedious algebra, we find that

t(zy—2) (1= z,2) (s + s +2 41 +t4)
2122(1"21) (1_22)2

A= (3.22)
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Thus A does indeed vanish (for all z;, z,) provided the parameters s and ¢ satisfy
the relation
s+s =4 -2-1% (3.23)

From (2.4), s = exp(6ia), so (3.23) is the condition (1.3a). Because our ¢ is the inverse
of Niehuis’ x, it is also Nienhuis’ criticality condition, equation (20) of Nienhuis (1982).
We can now solve (3.16) and (3.18) for A,,: A,,: B. Define

Sz, wy=(1~z—wt+zw+£22)(1 -2w+zw+ 1*w). (3.24)
then by eliminating B we obtain

S(zy, 22) A1z t+ 823, 2) Ay = 0. (3.25)
If we define A,,= S(z,, z,), then A,,, A,,, B are given by
A=8(2,, zy) Ay =-8(z,2y) B=1t(z,—z,)(1+52,2,). (3.26)

Substituting these results into the boundary conditions (3.20), we obtain the two
equations

M__S(225zl) M___S(ZI’ZZ)

Zy = Z; = .
! : S(Z2’zl)

Sz, 2 (3.27)

We can in principle solve these for z, and z,. (There will be many solutions, correspond-
ing to the different eigenvalues of V.) Then A is given by (3.14).

3.3. General values of n

Provided the condition (3.23) is satisfied, the above working can be generalised to
arbitrarily large values of n. The notation can become very complicated, but basically

the calculation proceeds as for the square lattice six-vertex models (Lieb and Wu 1972,
Baxter 1982a).

For 1sx,<x,<...<x,=< M the elements of the eigenvector are

g(xl,---,xn)=;AP1 ..... Pnz;’ll' * ‘Z;"" (328)
where the sum is over all permutations P={P1,..., Pn} of the integers 1,...,n. If
ep is the sign (+1 or —~1) of the permutation, then

Apy pn=¢p H S(Za", Zp;) (3.29)

Isi<j=n

where S(z, w) is defined by (3.24).

If two adjacent x are equal, say if x, = x,, then the terms in (3.28) can be grouped
in pairs, differing only in the interchange of P3 with P4. The sum of each pair contains
a factor S(zp4, zp3) — S(2p3, zps). This should be replaced by t(zps— zp3)(1+ 52p32ps)
to obtain the correct eigenvector element. Since no more than two x can equal one
another, this covers all cases.

The parameters z,,..., z, are given by
M_ [ i \M-1 T S(z, z)
z;" =(-1) 1I=-[1 SG,, 2) (3.30)
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for j=1,..., n. Then the eigenvalue A is given by
A=A(z) - Mz +plz) - plza) (3.31)

A(z) and w(z) being defined in (3.4).
Ultimately we want to calculate the ‘partition function (or chromatic polynomial)
per site’ W, defined by (1.5). Since £y has twice as many sites as vertical edges,

AN =2LM (3.32)
s0, using (2.8),
InW=M"1nApn,. (3.33)

4. Maximum eigenvalue

We want to solve the equations (3.30), S(z, w) being defined by (3.24), M the number
of vertical bonds per row of £y, and n the number of full lines per row. In particular,
we want to obtain the solution corresponding to the largest eigenvalue A of the transfer
matrix V. We require that z,,...,z, be distinct, as otherwise all elements of the
eigenvector g are given by (3.28) to be zero.

In the limit when |t| becomes large, |z, .. .,|2,| remaining finite, (3.30) simplifies

to

M =(-¥! j=1,...,n (4.1)
From (3.4) and (3.31), the solution of this type that maximises |A| is the one with
n=M,z,..., z, being uniformly distributed around the unit circle. Further, this gives

(for M even) A =t*™ which is indeed the largest eigenvalue of V in the large ¢ limit,
corresponding to the limiting behaviour Zpe~g" of the colouring polynomial for
large gq.

In all previous Bethe ansatz calculations there has been a ‘transformation to a
difference kernel’ (Lieb and Wu 1972) in which the ratio S(z, w)/S(w, z) is transformed
to a function only of the difference of its two arguments. This case appears to be more
complicated, as S(z, w) is the product of two bilinear factors (rather than one, as in
the six-vertex model (Baxter 1982a}). Even so, such a transformation does exist. Define

3ia

r=ie (4.2)
then from (2.4), s = —r?, so from (3.23) we can choose
2=2—r—rL (4.3)

This is consistent with (1.3b), from which we see that the argument g of the chromatic
polynomial is related to r by

g=2+r+r\. (4.4)
Now define w,, .., w, by

z=(1+rw)/(r+w) ji=1,..,n (4.5)
Then from (3.24)

S(z, z;) - (Wj+"W1)(Wz—"2Wj)
S(z,z)  (w+rw)(w,—rw)’

(4.6)
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This depends on w; and w; only via their ratio: by taking logarithms we can readily
convert this to a difference.

From (3.4),
(1+rw)(r—rmw)
A(z)= —
(r-!:le)(l w;) @7)
r—r wj
l“'(zj)_—-ﬂ:—-

For g real and positive, we see from (4.4) that r is real if ¢ >4, unimodular if g <4.
We must distinguish these cases.

4.1 g>4
In this case we can choose 0 <r<1 and define 7 so that
r=e’’ 7n>0. (4.8)

Guided by the large-t limit, we expect z,, .. ., z,,and hence w,, ..., w,, to be distributed
round the unit circle. Set

w,=e i, —-r<uy <. (4.9)

Using (4.5) and (4.6), we can write z; and S(z, z;)/S(z;, z;) as functions of u; and
u; — uy, respectively. Let us write them as

z; =explik(y;)]

‘ (4.10)
8(z1, z;)/ S(z;, z1) = = exp[iO(u; — u)].
Then we readily find that
k'(u)=sinh n/(cosh p+cosu)=1+2 Y (—r)™ cos mu (4.11)
m=1
O'(u)=2 Y [r*"—=(-r)"]cos mu (4.12)
m=1

Note that k(u) is monotonic increasing: as u increases from — to , so does k(u).
Taking logarithms of both sides of (3.30), using (4.10) and dividing by iM, we
obtain for j=1,...,n

k(u) = QL+1-M)m/M+ M 3 0(u-u) (4.13)

where I; is an integer. For g and ¢ large we know that the largest eigenvalue is given
by choosing
n=M L=j-1. (4.14)

There is no evidence to suppose that the chromatic polynomial is not analytic for
g >4, so let us keep these choices of n and I,,..., I,..
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In the limit of M, n large we expect u,,..., u, to be in increasing order and to
form a dense distribution in the interval (—m, ). Let Mp(u) du be the number of u;
between u and u +du. Since there are M u, in the (—m, 7), p(u) must satisfy the relation

'[ﬂ p(u)ydu=1. (4.15)

Equation (4.13) now becomes

kid

k(u)=—17+217j p(v)dv-&-J O(u—v)p(v)dv (4.16)
for —7 <u <. This is a linear integral equation for p(u). It can readily be solved
by differentiating with respect to u and using Fourier series, together with (4.11) and
(4.12). We obtain

< (=n)"
_ et 417
2mp(u) 1+2mz=;1+r2"'—(—r)"' cos mu (4.17)

which does indeed satisfy the condition (4.15).
Using (4.7)-(4.9) and (4.17):

k. _ 2 aiu
M Af' ln“(zj)=J [n+ln(1 a :4 )]P(u) du

o 1-¢

- 1_’.2"’1 i imu
=9+ Y '™ p(u)du
m=1

m ),

2 (1=rm)(=n"

a ”)'*'mZ:l m[l—(-r)"-r"}
(We have taken some liberties in expanding In(1—e™), but they are justified by the
convergence of the series in (4.17).) One obtains the same answer if one calculates
M™'21n A(z), so the two products in (3.11) are equal. (This is true for finite even
values of M, being a consequence of the fact that z,,.., z, occur in mutually inverse
pairs.) If we now define x so that

(4.18)

1

x=—-r=—e " g=q—x—Xx" -1<x<0 (4.19)
then from (4.18), (3.31) and (3.33),
«© m__ _3m
InW=n+y —0 = (4.20)

morm(1=x™+x2™)

Taylor expanding the summand in powers of x™ and summing term by term, we obtain
the product form (1.7) for W.

42 3<q<4

If 0< g <4, then from (4.4), r is unimodular. We can define 6 so that
r=e o<é<mw (4.21)

which is consistent with (1.8).

We still expect n = M, and that z,, ..., z, will be unimodular. From (4.5) it follows
that w,, ..., w, will be real. In the six-vertex model (Lieb and Wu 1972, Baxter 1982a)
they are all positive, but this is not true here. We have to be careful to correctly
apportion the w; between the positive and negative parts of the real axis.
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To do this, consider what happens when q is just bigger than four in the previous
working. Then r is just less than one. In this limit (4.17) becomes

p(u)=38(u)+38(u—m) (4.22)
where 8(u) = (27) "' T ¢!™ is the usual 27 periodic delta function. Thusof u,, ..., u,
lie close to 0, the other 5 close to . This means that  of z,,..., z, are close to one

(in fact, very close to one, the deviation being proportional to % rather than ), while
2 are distributed over the unit circle.

Assuming (as seems reasonable) that z,,..., 2, do not discontinuously shift at
q =4, this general picture must still be true for g just less than 4, implying that 1 of
Wi,..., w, are close to 1 and 2 are close to —1.

For 0 < g <4, if w; is positive (negative) then z; lies on the right (left) segment of
the unit circle between e *° and ¢'’. Define

—a

w,=—e % z; =explik_(a;) forw; <0
’ = explik-(a)] ! (4.23)

a

w,=e % z;=explik.(a;)] for w;>0.

Then we can choose the functions k.., k_so asto lie in the intervals (-, 8), (6 —2m, —8),
respectively. Logarithmically differentiating (4.5) with respect to a, we obtain, for

Y=,
v sin 6

k/ =—
Ae) cosh a + y cos 0

(4.24)

Similarly, we can define functions @,,., @,_, O_,, O__ so that (4.6) is
equivalent to
S(z;, 7))/ S(z;, z;) = expli®,s(a; — )] (4.25)
where y(==) is the sign of w;,, & is the sign of w,. Provided 0<8< /2, we
can choose these functions so that they are continuous and [0.,,(a)|<|y8 - 87|
Logarithmically differentiating (4.6), we obtain
vy sin 8 + vsin 26
Sdcosha+ycos® &cosha—ycos28’

Ols(a)= (4.26)
Let Y.(Y_) be the set of values of j for which w; is positive (negative); let n,(n_) be
the number of such values, so n=n,+n_. Then the analogue of (4.13) is, for y=+
and je Y,

Mk, (a;) = QL+1-M)m+ 1 Y 0, (a—a)+ Y 0, _(a;—ay). (4.27)
€Y, leY_
The integers I; must be distinct (modulo M), but are no longer necessarily given by
(4.14). We determine them so as to match z,,..., z, for g just less than 4 with the
values already obtained for g > 4.
For ¢>4, I,,..., I, increase uniformly (in unit intervals), while z,,..., z, are

ordered anticlockwise round the unit circle. However, as g—4, $ of z,,...,, z, cluster
round unity, their deviation from it being proportional to g —4. It follows that as g
passes through 4, these z; reverse their ordering. These are the ones that correspond
to w; being positive, i.e. to arg(z;) lying in the interval (-6, 6).

This suggests that for g <4 we can still take the I; to be given by (4.14), provided
we arrange the z; so that those with arguments between —7 and —8 come first, the
arguments increasing with j; then come those in the interval (-6, 8), but with the
arguments decreasing with j; finally come those in (6, ), with increasing arguments.
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It is convenient to combine the first and last sets, and to take z,,..., z, to have
arguments in the interval (8 —2s, —8), in increasing order, while z,_.,,..., z, have
arguments in (—6, 8), in decreasing order. Thus Y_ is the set {1,...,n_} and Y, is
{n_+1,..., n}. Provided n_ is even, the effect of this is simply to replace (4.14) by

[=j—1-3n_. (4.28)

From (4.23), it follows that the sequences {a;,...,a, } and {@,_+y,..., a,} are
both increasing, in the interval (=0, o). In the limit when n_, n., n, M become large,
we expect these a; to form two continuous distributions. Let Mp,(«) da be the number
of a; (with je Y,) in the interval (a, « +da). Then

oC

n,/M= J py(a) da (4.29)

—C

and (4.27) becomes the coupled pair of linear integral equations

ky(a)=2m j p(B)dB+c,+ ¥ J 0.,5(a—B)ps(B)dB  (4.30)
where y=t and ¢, =—n,7w/M, c_.=—-(M+n_)n/M.

As is usual with Bethe ansatz calculations, we can solve these equations by differen-
tiating and using Fourier transforms (in this case Fourier integrals). Let

o

2ap,(a)= J' py(x) e ** dx

—Q0

k()= r k,(x) e'** dx (4.31)

—cC
©

0s(a)= J 0,5(x) e dx.

-0

Then we obtain, for y=+,

Ey<x>=ﬁy(x>+5>_: 6,5(x)5(x). (432)
From (4.24) and (4.26), provided 0 < 8 < 7r/2,
, inh 6, A i -
£o(x)=— s'm X (0 =51n1"1(7r 8)x (4.33)
sinh 7x sinh x
(:)++(x) _ @)__(x) _ sinh 6x +.smh(7-r -26)x
sinh 7x \
. . (4.34
@)+,(x) —O_(x)= _sinh(m .G)x +sinh 26x.
sinh 7x

Equations (4.32) are easily solved by summing and differencing. After some consider-
able simplifications, we obtain

1
2 cosh 6x—1

) L 1
p-(x) p+(x)_2cosh0x+l'

p+(x)+p_(x)=
(4.35)
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It follows at once from (4.29) that
n.+n_=M n_—n.=M/3 (4.36)

so n,=M/3, n_=2M/3. Thus we still have n=M, and } of w,, ..., w, are positive
and 3 are negative, in agreement with the behaviour we expected near g =4.
Using (4.7) and the evenness of p.(«a),

M « ha-— 26
MY lnu(z,«)=%j 1n(w)p+<a>da

j . cosha 1
1 [, (cosh a+cos 26) 437
+2J® 1n<————cosha+1 p-(a)da. (4.37)

Substituting the Fourier integrals (4.31) for p.(a), the RHS becomes

1_[ cosh wx—cosh(vr-—ZG)xﬁ+(x)dx_%J COSh_zox_lﬁ_(x)dx. (4.38)
—w Xsinh 7x

2

—w x sinh 7x

Using the expressions given by (4.35) for 5.(x), (4.38) in turn becomes the same as
the rRHs of (1.9) (with x instead of k as the integration variable). Since the products
in (3.31) are equal, for M large the LHs of (4.37) is the same as M ' In A. From (3.33)
this is In W, so we have obtained the result (1.9).

We have only quoted this result in § 1 for 3< g <4, i.e. for 0< 0 < 7/3, where we
expect W to be a continuous function of g. It is presumably valid for smaller values

of g, though not smaller than 2, since then 8> 7r/2 and the second formula in (4.34)
ceases to be valid.

5. Other real values of ¢

We expect W to have singularities only at limit points (for N large) of zeros of the
chromatic polynomial Z,,,,. The above calculations are certainly correct for sufficiently
large g. If (as seems likely) there are no limit points of zeros on the real axis for g > 4,
then they are valid for g > 4.

It is slightly surprising that our results have a singularity at g =4. This seems to
imply that g =4 is a limit point of zeros, even though Z;,, is positive (and grows
exponentially with N) for g =4.

Our result (1.9) for g <4 has been obtained by extending the g>4 result in a
natural way. If one analytically continues it back to g¢>4 and compares it with the
correct result, the difference is very small, proportional to

exp[—m*/3(qg-4)"]. (5.1)

This type of essential singularity occurs in the six-vertex antiferroelectric F model
(Lieb 1967, Lieb and Wu 1972) and is very weak. It may be that although there are
zeros of Zp,,s near g =4, their distribution is very sparse, so that one would have to
consider large values of N to see them in a numerical calcuation.

The g <4 result is analytic for 2< g <4 and gives the correct trivial result for g =3.
This suggests that there are no limit points of zeros for 3< g <4. If we accept the
Beraha conjecture (Bevaha er al 1980) that real limit points occur only for g=
2+2cos(2m/n), n being an integer, then the only remaining possible singular points
on the real axis are 4=0,1,2 and (3++/5)/2=2.618.... Thus the result (1.9) is
probably correct for g >2.618 ... (i.e. for § <2#/5) and may be correct for g > 2.
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51 . ¢g<0

The ‘g > 4’ result (1.7) is correct for sufficiently large g, positive, negative or complex.
The Beraha conjecture (together with the analyticity of the result) suggests that it may
be true for all negative real values of q. Certainly there is no problem in applying the
above g >4 working to the ¢ <0 case: r is now negative (between —1 and 0) and z is
given by (4.5) and (4.9), where u,, ..., u, are distributed over the interval (—m, 7),
with the distribution function p(u) given by (4.17).

52. 0<g<1

We can extend these negative-q results through ¢ =0 in much the same way as we
extended the g > 4 results through g=4. As r->—1, (4.17) becomes p(u) = 8(u), so
u,, ..., u, are clustered round u =0. The distribution has half-width proportional to
In(—r), from which it follows that z,, ..., z, are distributed right round the unit circle.
For q just greater than zero it follows that w,, ..., w, are all positive, so now we repeat
the working of (4.21)-(4.38), but taking all the w; to be positive and the arguments of
Z,..., 2, to be increasing.

This case is simpler than the 3=< g <4 case discussed above and is analogous to
the usual —1 <A <1 case of the six-vertex model. We replace (4.23) by w, =exp(a;),
so as to ensure that {a,,..., @,} is an increasing sequence. The effect of this is to
negate k' (a) and O/ (a). We only take ¥y =38 =+ in (4.30) and (4.32), obtaining

5. (x) = 1
P+ " 2cosh(m—6)x—1

(5.2)

Equation (4.38) is still valid, except that the second integral (involving p_) does
not occur, so

- * inh 6x sinh(7—0)x
M 11 =J' sin . '
nA - X sinh mx(2 cosh(w—())x—l]dx (5.3)

Unfortunately we have no independent calculations of W for small positive values of
g. If A is still the numerically largest eigenvalue of the transfer matrix V, then (5.3)
gives W via (3.32) (presumably from g =0 up to the next Beraha number g =1, i.e.
m>6>21/3). However, it is possible that another contributing eigenvalue exceeds
this one when g increases through zero. To eliminate {(or confirm) this possibility, we
either need to prove that we have found the largest eigenvalue (which would be very
difficult), or to make a numerical study of the eigenvalues of V and/or the zeros of
the chromatic polynomial Zpy,.

In the complex g plane, the zeros of Zp.y, Will presumably tend to be distributed
along lines dividing the plane into domains. Once one is confident that one knows W
inside the various domains, their boundaries (and the large N limiting distributions
of zeros) can be obtained by comparing the form of W on opposite sides.
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Note added in proof. The author thanks Dr V E Korepin for pointing out that the loop model of (1.1) and
(1.3a) is a special case of the solvable Izergin-Korepin three-state vertex model on a square lattice of N
sites (Izergin A G and Korepin V E 1980 LOMI preprint E380, Leningrad, 1981 Commun. Math. Phys. 79
303-16).

Very recent numerical results for triangular lattices of up to eight rows and columns, with free boundary
conditions, suggest that in the large-lattice limit the complex zeros of the chromatic polynomial form
continuous distributions on two curves A and B, where A is approximately the circle |g—2|=2; B is
approximately an interior vertical chord of A, crossing the real axis at g = g;, where g,=3.7. There are also
isolated real zeros at the Beraha numbers g =2+ 2 cos(27/n) to the left of B, i.e. for 0= g=gq,.

The curves A and B divide the complex g plane into three domains: the exterior of A, the interior to
the right of B and the interior to the left of B. The results (1.7), (1.9) and (5.3) should apply in these three
domains, respectively; except that (5.3) fails at the relevant Beraha numbers (e.g. ¢ =3), where W is
discontinuous.

For g real, this implies that (5.3) holds for 0< g<gq;, g #2+2cos(27/n); while (1.9) is true only for
q, < q<4. (It seems that it is an accident that (1.9) agrees with the finite-lattice g =3 result.) It is intended
to report and discuss these numerical results separately.
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